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1. Solve the following equations. '
(a). (3_xzcos 4y-2xy)dx - (4 X’sindy+x?)dy=0 (5%)
(b). YW -2y"=0  (5%)

2. Solve the following problem.
(2). y"+4y'+3y=305(t-2)+ H(t-1) ;y(0)=y'(0)=0 ( H(t) is the unit step and
o(t) is the unit impulse function.) (5%)

(). £9=3t+ [ft-vedr  (10%)

3. Solve ey 2 x> +e ¥ xy'=0 (10%)

4. Solve the following problem.
2 2
oy =4 oy for

™
y(O0,8)=y(3,0)=0 for t20

O0<x<3,t>0

»(x0) =0%<x,0) —g(x)  for 0sx<3,

where

g(x):{ 0 . for 0<x<2

0,
3-x for 2<x<3 (15%)
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5. Consider the matrix

A=
-1 1 0

(a). (4%) Let det(A) denote the determinant of A. Then, det(A) =7
(b). (5%) Find A™! (i.e. the inverse matrix of A).

1 0 -1
0o 2 —-1/{.

6. Consider the matrix

(a). (4%) Find the eigenvalues of A.

(b). (4%) Find a matrix P so that P"!AP = D, where D is a diagonal matrix. Then, write down
the matrix D.

(c). (4%) A0 4 A1 =7
< Hint > Use an implied result from (b) : A=PDP~!,

7. Let T : R? — R3 be a linear transformation. Assume that 7'(1,2} = (1,0,—1), and T(0,—1) =
(2,1,0).

(a). (4%) If T(z,y) = (ax + by, cz + dy,ex + fy), then (a+b+c+d+e+ f) =7
(b). (4%) What is the dimension of the kernel (also called null space) of T'7

(c). (4%) Let us adopt the ordered bases B = {(1,0), (0, 1)} for R? and D = {(1,0,0), (0,1,0),(0,0,1)}
for R3. Find the matrix for T with respect to the bases B and D.

8. Let us consider the inner product space V = {(z, %2, Z3,24)|21, 22, Z3, 24 € R}, where R denotes
the set of real numbers. The vector additions and scalar multiplications are the usual ones. In other
words,

(21, T2, 73, 74) + (Y1, Y2, Y3, V) = (Z1 + Y1, T2 + Y2, T3 + Y3, Ta + Ya)
and

c- (z1,%2,23,T4) = (cT1,CZ9,CT3,CTq) -

The inner product is defined according to

< (21,22, T3, Za), (Y1, Y2, Y3, Ya) > = 2191 + 2T2y2 + 2T3y3 + 3Tqya -

Let us consider the four vectors in V : vy = (0,1,-1,0), v, = (2,1,0,1), v3 = (1,0,0,0), and v, =
(3,3,-2,1). '

(a). (4%) Are vy, vy, and v; linearly independent?

(b). (4%) Let S be the span of vy, v4, v3, and v4. Then, what is the dimension of S7

(c). (4%) Find the norm of v;.

(d). (5%) Let us denote the norn of v; by ||v;|| and then define u; = (1/||v1]]} - vi. Find a vector u,

so that {uy, up} is an orthonormal basis for the span of vy and v,.



